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The Classification of Ylagnetic Shells 

David Stern 
!Theoretical Division 

Goddard Space Flight Center 
Greenbelt, Maryland 2077l 

A new method of calculating the magnetic shell parameter L, 

based on Pennington's perturbation method for  calculating the 

shape of magnetic shells, is  presented. 

shell  passing a given point i6 characterized by two parameters, 

by L and by a function e, of the local pitch angle. 

I n  t h i s  approach, the 

However, 

the dependence on ern i s  shown to be very weak, so that it may be 

neglected to a good approximation. 

for  this method are tabulated, including a 48-coefficient expan- 

sion of the geomagnetic potential i n  tilted-dipole coordinates, 

A u x i l l i s r y  functions necessary 

and the results axe compared t o  those derived by McIlwain's 

method. 

percent of those numerically integrated by M c I l . .  

The resul ts  are found t o  be, i n  general, within several 

. 
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Tais work 6eals with the motion of charged particles t r aT2z5  

ia "&e g e o w n e t i c  f ie ld  &id of low enough energy for  the g-uiciing 

ceot.er approxiizztion to hold. 

each ,of these particles vill be tied t o  a l iae of force, oscil lating 

back and forth along it and g e t t i n g  reflected from points at w h i c h  

t'ce f ie ld  intensity B reaches a 'birrorirg value" d e p e n w  oa 

the pzrticle 's  w n e t i c  mment, 

e slow &rift €ran one l i ne  of force t o  mother i s  a&ded, t'fie p&rticle 

driftizg (on "be average) t o  that one of 

on which the lorigitudinal invariant 

TO the lowest order of approxination 

In the next order of approxirration 

adjacent lines of force 

.- 

i' - 

bekween p ia t s  with in'ensity B ma in tabs  i t s  -$due. In general, 
m 

t h i s  drift notion w i l l  cause the guiding center t o  follow a surface 

t s m e h  a XZgzezTc sks i l .  

sme 3, and I w i l i  snare t'ne s m e  shel l  a t  dii t bes .  

A group of tra2-d pazticles with the 

Consider a mgnetic f i e l d  defined i n  <le space outsi&e a sphere 

or" radius a and deviating only slightly, at  any pint in that  space, 

from the field of a magnetic dipole a t  the sphere's center. On a 

cross-cut of the. f ie ld  (which can be regarded 8s a generalization 

of the meridion& ?lane - a surface everywhere t w e n t  to  - B and 

bounded by that l i ne  of force which extends to infinity) there will 

. 
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j.n geEeral be one and only one line of force on which I corres- - 

ponds to a given Bm; the she l l  corresponding to any (3 m’ I) is - 
*en miq.ue, Any given shell K T l l ,  of course, shase i t s  l ine  of 

force w i t t i  may others but, unless the field is axisymmetric, on 

aifferant cross-cuts it w i l l  i n  general share Unes of force with 

difr-nt shells. I n  that case, then, magnetic shells oeed t w o  

parameters, such as Bm and I, fo r  the i r  classification. 

I 

an axisymmetric f i e l d  all meridional cross-cuts have the 
./- _ -  sane appesance and nagnetic shell surfaces may be described by a 

si&e paramet&; such shells have been termed degenerate by Stone 

(1963). For instance, each of the surfaces 

~ 

I 

-9 
t 

\ 

I 

_-- 

\ ! 

fomed i n  a dipole field by the rotation of a l ine  of force around 

the syzmetry axis, contains an entire family of magnetic shells, each 

with a different I and a different Bm or, equivalently, different 

I a d  reflection colatitude em. h analyzing the motion of charged, 

p d i c l e s  i n  such a f ie ld  it is much preferable t o  label shells by 

I 

I 

I 

I 

I ro ad Bm, first because the family of particles w i t h  the same ro 

occupies the ssrk region in s p c e  and secondly because scattering of 

such particles leaves xo almost unchanged, thus affecting mainly the 

distribution of particles w i t h i n  the family. 

I 
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m e  geomagnetic f ie ld  i s  not a dipole field,  but it a22roxi- 

_ -  Eates one closely enough t o  w a r r a n t  treating the shells as . -  
c-- 

. -  

degenerate. 

shells may be calculated (PenningtOn, 1961) by regarding; them as 

perturbations shells given by eq. (1). Given a magnetic 

she l l  in a perturM dipole field, we 'fl ca l l  

In a perturbed dipole f i e ld  the approximate shape of 

dipole shel l  

of which it is a perturbation i ts  ancestor and the distance ro which 

characterizes the d3pole shel l  by equation (1) its ancestry par meter  

o r  "ancestry" in short. Because the perturbed shells are no longer 

degenerate, the family of shells obtained from a given dipole she l l  

Kiu dspend not only on their ancestry ro but also upon their  reflec- 

t ion point Bm; hmver, fo r  a e r a t e  perturbations this dependence is 

expected to be weak and perturbed shells of the same ancestry l i e  close 
. 

together. 

So far ancestry has not been uniquely defined: - if in a perturbed 

dipole f ie ld  the shape of a given magnetic shel l  deviates, on the 

averwe, by an amount 6 from that obtained when nondipole components are 

neglected, there exists a whole range of dipole shells, with thickness 

of order 6, any of which might be considered as its "ancestor", There 

are many possible ways of defining ancestry. 

start w i t h  a digble f i e ld  i n  which charged particles are trapped, 

For instance, a ~ .  could 

apply the perturbation gradually and define as the ancestor of a given 

shell  that dipole shel l  fm which i t s  particles originated. 

practice, this xould involve the air& sdi 
ah 
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neither & nor are constant on a given shel l  fth0-h Stone shows 
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t o o  C-pLicated. 

pz-ter for particles on a given l ine  of force either the maximum 

distance % of the line from the origin o r  the parameter ro of that 

dipole line having the sane mininnxm f ie ld  intensity Bo. 

Stc:e 11963) ha.ij ~ Z G Z O S ~ ~  -3iijg tis ancestry 
, 

I 

i 

1 
Unfortunately, 4 

I 

t h e i r  variation to be relatively smal); to obtain a mique ancestry 

definitian in this manner, one has to average the ancestry parameter 

over the entire shel l  rather than use its value a t  a random l ine  of 

force on the shell, whlch may vary *om one l i r e  t o  another. 

tbe mst wid.ely used method of defining ancestry and probably the 

fIowever, 
4 

1 

best one is due to McIlvain 11961) who defines ro as belonging t o  1 
I 

i that e she l l  on uhich % corresponds the same I. Z t  has the 

great advantage that In order to i d e n t i e  a 'shel l ,  it requires integra- I 

1 
1 
l 

t ion along One of its lines of force only w i t h  no reference t o  the 
I 

r e s t  of the shell. 

denoted by L; derive it, I is rimerically evaluated, entailing a I 

The ancestry parameter thus defined is usually 

.. relatively lengthy calculation, af ter  which 811 empirical relationship 
I 

due t o  M C I I . ~  /1%1) is used. I 

I 
1 

, 
Pennington'a appraXimate d.ersvStion of the she l l  equations 

[Pennington, uqubU6hed) defines ancestry in the s8me manner as 1 
J 

&IlwainSs, The& shel l  equations (Pennington, 1961) are of the form 

r = L sin2e + sin26 R~ k, om, e, cp) 
I 

...~ . 
L 
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when -her harmonics are neglected and on the shell. w i t h  ro = L, 

op pa;rticles with the givsn Bm 

is the reflection colatitude, in the dipole f i e ld  obtained 

and R1 i s  relatively small and i s  a l inear f h c t i o n  of the higher 

harmonics and h: of the geomagnetic potential. Obviously, a 

first order approximation of L is 

L = Y / S L ' +  - %,  ( 7 / L L % ,  4-,4,ce) 

This definition of L has the advantage of explicit  dependence on 

em (though, as expected, the dependence is rather weak) and of 

simplicity - the numerical integration of I is not reqxired and 

instead, a sinple substitution formula is  used. 

any first-order perturbation method, from the neglection of second- 

it suffers, as 

order terns, especially near the earth's surface. 

source of error, it is advantageous (as pointed out by Penzington) 

To reduce this 

to s t a r t  from the tilted-dipole or the eccentric-dipole approximation 

to the geomagnetic field.  
1 
I 

I 
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cac i i la t ion  

!?..e Gewagnetic Potenti& 

In order to reduce the second-order error, the  48-term expansion 

of &&e geomagnetic potential was transformed into tilted dipole 

coordinates. 

ming a given expansion, the potential was calculated at 48 selected 

p o i n - ~  which were then transformed into tilted coordinates, yielding 

a set of 48 linear equstions fn %he 40 new coefficients. The linear 

equations were solved using an IBM 7094 comguter, 

check, the CalCulatiOn Was repeated w i t h  8 different set of reference 

points; the difference between the two s e t s  thus obtained was in the 

WS was accqlished by a '%brute force" technique: 

As an accuracy 

fifth significant figure, 

The set of coefficients used consists of the first 48 terns in 

the expansion by Cain,  D a n i e l s ,  Eendricks and Jensen (unpublished) 

for the epoch l g 0 .  

is -then 

The pole of the tilted dipole coordinate system 
I 

colatitude 60 = l l O 4 1 '  

longitude 

and the field expansion coefficients in t i l ted dipole coordinates are 

given in Table 1. 

appoxi.r;la-t;ion: 

The method is not suitable for the eccentric dipole 

a @-term potential given in geographical coordinates 

nee& an hfinite number of terms for its description in eccentric 

dipole coordinates and a truncation at 48 terms leads in that case to 

appreciable error. 
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The Eauation for L 

In  t i l t e d  dipole coordinates Pennington's function R1, appearing 

where a is  the earth 's  radius and the g: and h: are harmonic coef- 

f ic ients  02 the ,geomagnetic potential. 

integrals w h i c h  can be evaluated analytically w U e  the a: have t o  be 

me v" are trigonometric n 

d maericaUy and vanish f o r  even n + m. In the equatorial 

noIIvBpi8hi;pg a: t a d  t o  a umitine; value 

m whe5e Pn($) is an associated Legendre polynomia. 
in m The coefficients of the Vn and numerical values of the an, up 

t o  n = 6, are given i n  tables 2, 3 and 4; computer programs which w i l l  

derive them for any reasonable n and m are available upon request. 

me  n u m e r i a  integration of u: involves an integrand w h i a  diverges 

at the mirror point; it therefore has t o  be done with considerable 

precision, especially near the mirror point. 

U: derived here has been estimated and is typically i n  the 5-th 

decimal d i g i t .  

The error in the values of 

Thus for n less than 4 they replace these previously 

published (Pennbgton, 1961) 



It uill be noted that while the she- of an axisyrr;lletricalJy 

generate, they may appear t o  be nondegenerate 

ed, due to the -Wshinga= .  0 b e  c a  

redefine axlcestry SO that this no longer OCCUTS, though the imprwe- 

rent is of little practical importance. For the new definition, l e t  

I' be the 1 0 n g Z t u d i n a l  invaziant of a given shell a2ker the contribu- 

ti- from axkymmetric harmonics have been subtracted. The ascestry 

parameter L of the shell is then ro of the dipole (Bm, 1') she l l  ob- 

tained when aU U.gher harmonics we neglected. I n  prac*dce t h i s  re- 

0 equal t~ zao, sin- %e &- 

i n  the first  place and the a: 

conizibute only a small part of it, this is of l i t t l e  practical 

consequence , 
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Results and Conclusions 

The perturbation method was tested by comparison w i t h  INVAR, a com- 

puter pr0gra.m for calculating L due t o  McIlwain. 

values obtained at the earth's surface (r = a) and along northern Latitude 

As a sample result, 

60' are even in table 5. 

which at L 

scan along the equator also gives deviations of up t o  65 which, i n  that 

case, can correspond t o  quite b g e  displacemen%s; it should be noted,--, 

however, that most of t h i s  is due t o  a sys"temtic difference between the 

two methods. This was shown by calculating L by the perturbation method 

for a series of near-equatorial pairs of conjugate points: only rarely 

did the difference of L for  the pair exceed 1% and it did so only for  

relatively lasge values of L, SO t ha t  the corresponding displacememix w e r e  

w i t h i n  2'. 

surface; at  lazger distances the perturbation method is expected t o  

improve progressively. 

As can be seen, the discrepzncy reaches 6$, 

3 corresponds t o  a displacement of about 1'. - &similar -- 

A l l  preceding results w e r e  derived for  points on the earth's 

*. m e  am dependence of L i s  given i n  Table 6, l i s t i ng  L for  partides 

with pitch angles between 15' and 90' i n  the equatorial Blanc of the 

t i l t e d  dipole , for various tilted-dipole longitudes and fo r  radidl 

es of 1.5 and 4 earth raddi (the choice of points does not 

quzl B though the variation i s  relatively small). As can be 

seen, f o r  any point L depends 0- we- on J-m. 

The preceding results clearly demonstrate the feas ib i l i ty  of 

Pennhgton's perturbation method for deriving L when accuracy is not 

critical, especially fo r  higher latitudes. A computer program based on 

this method, and using the functions tabulated here required 16 

. .  seconds t o  be s e t  up i n i t i a l l y  and thereafter 50msec fo r  each 
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I CaZcUlation of L (assuming the paxtiCles mirror at  the given point, 
I 
I 

f.e., & +~r 9. ) xhile IWm, on the same computing system, required m 
~ several seconds, dewding on Lstiiiwk. The perturbation method does 

not 

are easfls obtained as a by-pduct .  

I, but ti lted d i ~ l e  coordfaates of the given point 
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Captfans for  Tables 

Table 1: Schmidt norr;23ized hamnonic expansion coefficients of 
the geomagnetic potent ia l  in tilted dipole coordinates. 
Given i n  units of lo-" gauss and 2erived f r o m  the epoch 
1960 eqansion of Cain, Daniels, Eendric's a d  Jensen. 

Table 2: The coefficients of the trigoriometric integrals c(0) for d d  - 
~ b k  3: m e  coefficients of ~e trigonometric integra ?JQ) for a m  

Table 4: The f'unctions a n agaiost the mirroring colatitude em. 
Table 5: Comparisoa of magnetic shell parameters Ll obtainedby 

McIlwain's program a d  & obtained 3y the perturbation 
method, for  various longitudes a l o q  northern latitude 60'. 

cveB??E. 

4 & 7 L -  

m 

r 

Table 6: The lnzgnetic she l l  p x z e t e r  L as f'mction of pitch angle 
1, obtained by the perturbation uethod in the dipole equator, 
for various dipole longitudes, a t  distances of 1.5 a t  4 eaxth 
radii . 



D 

-12- 

R e f  e rences 

J. c ,  C&, W. 3. D a n i e l s ,  S. Hendricks and I). C. Jensen: 
i 

"Spherical 

Harntonics of t he  Geamagnetic Field," presented at the  45th meting 
1 

rim Geophysical Union, WashiGtort, I), C., 3.964 i 

1 
f 

(unpublished). 

C a r l  E, Mcnwain: "Coordinates for Y k q p b g  t h e  Distribution of 323- I 

neticdlly Trasped Particles, " 3,  Geophys. Res. 66. 3681, 1961. 

R&ph H, Pennington: "EEqu.a%ion of a C'narged h r % i c l e  Shell i.a a 

Per-kurbed Dipole Field, " J, Geophys. Res. 66, 709, 1961, 
Ralph 3, PenniagtO n: 

Edward C. Stone: 

"Argus Shell Equations, " unpublished, 

' B e  Ehpical Significance and Apslication of L, 
1 

and &, to geamagnetically Trapped Particles," J. Geophys. Res. 1 





Tablc 2 
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1 

2 

3 

3 

4 

4 

5 

5 

5 

6 

6 

6 
L_ 

l l l m  

n+m odd 
n+n even - I 

1 

1 

3 

1 

3 

1 

3 

5 

1 

3 

5 - 

Vnm for odd m 

iPly by ' 

-1tU47 

3 -1843 

-1 

6 0083 

2 .w17 

- -0799 
-53'7P 

- -9354 

Sin -114 1 

e 

- 09798 

- 09035 

- 2.5100 
-10.2265 

5 *lo% 
- 1.4031 
18 4031 

- 9.9628 

2.3268 

- 3.5857 i 

I- -5774 
i 
i 
I 

I 



Table 3 

v for even m n 

3 1 0  

3 1 2  

d o  

! 4 1 k  
i 

5 f  0 

i 

4 i 2  

i 
5 1  2 

I 

-2 -5000 

1.9365 

.33%m 

-4193 

-1 -1093 

2 . 0000 

-1 - 9365 
-4.3750 

4.1926 

-1 .4790 

7 08750 

-7.6852 

2 -2185 

.€%e 

- .2264 
,6201 

- e 8 3 9 6  

2.5000 

-2 -2360 

-10 .?GO0 

io .2470 

- 2.9560 

14.4375 

-15.12% 

5.9529 

- 1.3k34 

3. OGOO 

- 2.5617 

-15 . 7500 

15 -7594 

- 4.9608 

3.5000 

-2 -8983 

1 

.5000 

1.1093 

- *3750 

7395 
-4UQQm 
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8.80'11 f 9.4537 

10.1529 10.7106 

- go 10.1781 10.2j27 

-100 1 8.8848 8. 8774 
1 

7.4505 i 
i -110 7.k1-35 

i 

. 

-130 5 1315 

-140 4.3635 
i 

3.8% ! i -150 
-160 3 4357 

-170 3 1497 

-180 2.9533 

Table 5 

i 

5.1659 

4.4182 

3.8704 

3.4740 

3.1904 

2 9909 170 2.8241 2.854 
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